The Lennard-Jones 12-6 potential (LJ) is arguably the most widely used pair potential in Molecular Simulations. In fact, it is so popular that the question is rarely asked whether it is fit for purpose. In this paper, we argue that, whilst the LJ potential was designed for noble gases such as argon, it is often used for systems where it is not expected to be particularly realistic. Under those circumstances, the disadvantages of the LJ potential become relevant: most important among these is that in simulations the LJ potential is always modified such that it has a finite range. More seriously, there is by now a whole family of different potentials that are all called Lennard-Jones 12-6, and that are all different -and that may have very different macroscopic properties. In this paper, we consider alternatives to the LJ 12-6 potential that could be employed under conditions where the LJ potential is only used as a typical short-ranged potential with attraction. We construct a class of potentials that are, in many respects LJ-like but that are by construction finite ranged, vanishing quadratically at the cut-off distance, and that are designed to be computationally cheap. Below, we present this potential and report numerical data for its thermodynamic and transport properties, for the most important cases (cut-off distance r c =2σ ("LJ-like") and r c =1.2σ (a typical "colloidal" potential).
Background
One of the most widely used intermolecular potentials in classical many-body simulations, is the so-called Lennard- 
where ε denotes the depth of the attractive well, and σ the interparticle distance where the potential changes sign. Lennard-Jones-type r −n -r −m pair potentials were proposed in 1925 by Jones 1 (later Lennard-Jones) to describe the cohesive energy of crystals of noble gases, such as Argon. The now conventional LJ 12-6 form was proposed by Lennard-Jones in 1931 2 after London had derived that the dispersion interaction between atoms decays as r −6 (at least, in the non-retarded regime) 3 . It later turned out the LJ 12-6 potential is not a particularly good pair potential for Argon 4, 5 . However, when the first Monte Carlo (MC) simulations of argon were carried out by Wood and Parker 6 and, force truncation is often not good enough, because a discontinuity in the truncated force creates numerical problems in solving the equations of motion. Therefore, many simulators use a version of the LJ 12-6 potential that is truncated and shifted, and the force is modified such that it goes to zero continuously at r c . And even that procedure is not unique. So, in the end, there are possibly dozens of different so-called LJ 12-6 potentials in use that are all different, mostly untested for noble gases, and not expected to be particularly good for other molecules either. All these models have different thermodynamic properties: their critical temperatures may differ by more than 30% and the liquid-vapour surface tension of these models may differ by much more than that 9 . Finally, this confusion also makes it harder to compare algorithms, if different authors test their favorite algorithm on a different LJ flavor. This problem is well recognized by the community and, in a recent paper, Hafskjold et al 10 have shown that the properties of one particular LJ 12-6 variant (the LJ spline model with r c = 1.74σ ) are quite different from those of the full LJ 12-6 potential.
In summary: the LJ 12-6 potential is anything but a welldefined standard and, in particular for proteins and nano-colloids it is not a good model at all because the range of attraction is too large compared to the effective diameter. There are, of course, LJ n-m style potentials that have been designed to mimic the phase behavior of colloids, but there the range of choices that have been proposed is even larger than for the LJ 12-6 potential.
However, once we give up on the long-ranged dispersion interaction, it is not obvious why a truncated LJ 12-6 potential should have any special merits that outweigh its disadvantages. We argue that no such advantage exists. In fact, even for the quantitative prediction of the properties of noble gases and similarly simple substances, the LJ 12-6 potential is unlikely to remain the model of choice, as force-fields based on machine learning applied to ab-initio simulations are increasingly taking over.
What we need for computer experiments (rather than for simulations) is a simple, short-ranged potential that is at least as simple as LJ 12-6, has none of its draw backs and is defined unambiguously.
Constructing a computationally attractive alternative
If we accept that in most cases of practical interest, the choice of the LJ potential is neither justified by theory nor by experiment, it is logical to ask what requirements should be met by a computationally cheap, generic model pair potential for simple atomistic or molecular systems. Below, we formulate our wish list.
1. The potential should be repulsive at short distances (r < σ ) and attractive up to a cut-off distance r c that should not be much larger than σ . As we explain below, we opt for r c = 2σ for atomic systems (which yields a rather LJ-like phase diagram), but for colloidal systems, a smaller value of r c is preferable (we explore r c =1.2σ ).
2.
A potential to represent simple liquids should have liquid, vapor and crystalline phases, with a ratio between the critical temperatures and the triple point between ∼1.7 (neopentane) and ∼2.1 (methane). (LJ 12-6 has a ratio ∼ 1.91-1.95, and argon ∼1.8). In contrast, the "colloidal" version of the potential should not exhibit a transition between two thermodynamically stable fluid phases ("liquid" and "vapor").
3. At the cut-off, the potential should vanish (at least) quadratically, such that the pair force vanishes continuously at r c .
4. Evaluating the potential should require only few arithmetic operations, and those should be cheap.
In addition, it is clear that a new pair potential is not very attractive, unless we know its most important thermodynamic and transport properties. In what follows, we will report the dependence of the pressure, energy and free energy on number density ρ ≡ (Nσ 3 /V ) and temperature T ≡ k B T /ε. We give the predicted phase diagram, and the liquid-vapor surface tension. And finally, we report the relevant transport properties (diffusivity, viscosity, thermal conductivity) again as a function of ρ and T . For the solid phase, we only report the thermal conductivity. All data have been fitted to multi-variate polynomials. The raw data are accessible in the Supplementary Information.
The model
We wish to construct a simple pair potential that changes from repulsive to attractive at σ and that vanishes quadratically at r c . In fact, we also give a more general form that vanishes as a higher power of r − r c . However, whilst such generalization may have some applications in testing MD algorithms, we do not recommend them. The general form of the potential that we propose is
where α is a coefficient that ensures that the depth of the attractive well is −ε. m and n are positive integers. We can obtain a simple analytical expression for α and the value of r where the potential reaches its minimum (see Appendix A). We shall consider the simplest case (n = m = 1), for which 
The recommended model
In what follows, we use σ as our unit of length and ε as our unit of energy. A particularly simple expression for the pair potential results if r c =2, because α(1, 1; 2)=1. This is our preferred model: it has a minimum at r min ≈1.155, compared to the LJ 12-6 minimum at r min (1, 1; 2) ≈ 1.1225. The (1, 1 : 2)-potential has a relatively short range and is therefore computationally cheap. Moreover, it approaches zero quadratically at r c . However, for colloidal models, a smaller value of r c is recommended (we will show results for r c = 1.2 with r min ≈1.055).
Fig. 1
Comparison of the untruncated Lennard-Jones 12-6 potential (red curve), and the short-ranged potentials described in the text: the "standard" form with m = n = 1 and r c =2.0 is shown as a blue curve. The green curve applies to the the "colloidal" form with m = n = 1 and r c =1.2. Figure 1 shows a comparison of (1, 1, 2) and (1, 1, 1.2)-versions of simplified potential with the original LJ 12-6 potential. Of course, there is a wide choice for values of r c , n and m, but we argue that, as the advantage of this potential is its simplicity and not its realism for any specific system, there is usually little to be gained by choosing other values of m and n. In principle, increasing n would make higher derivatives of the potential continuous at r c , but this comes at a computational cost. The best way to vary the range of the potential is to vary r c . Higher values of n might be interesting when comparing different Molecular Dynamics algorithms.
Of course, one could also construct a purely repulsive version of these potentials by shifting the potential by +ε and truncating it beyond r min . However, there is less need for such a model, as the repulsive version of the Lennard-Jones 12-6 potential 11 does not suffer from the ambiguities of the attractive LJ potential.
Properties of the n = 1, m = 1 model
One reason why the LJ 12-6 potential is widely used is not its realism, but simply the fact that by now many observable properties of this model have been computed (see, for instance: equation of state of the fluid [12] [13] [14] and solid 13, 15 , transport properties [16] [17] [18] [19] and phase diagram [20] [21] [22] ). The potential given in Eqn. 3 would therefore be of little practical use, if we did not present fairly complete and concise information about its most important equilibrium and transport properties.
For this reason, we have computed the equation of state, internal energy and free energy of the n = 1, m = 1, r c = 2 and the n = 1, m = 1, r c = 1.2 models between low temperatures and a temper-ature of 1.4 in reduced units for r c =1.2 and 1.6 for r c =2.0, and between low densities and a density of 1.4 (in reduced units).
In addition, we have computed the phase diagrams, the transport properties of the fluid phase (diffusivity, shear viscosity and thermal conductivity), and the liquid-vapor surface tension for the case of r c =2.0. Finally, we have also computed the thermal conductivity of the crystalline phase.
All data points can be found in the Supplementary Information (SI). Here we present the coefficients of a multi-variate polynomials fit the describes our simulation data to within the statistical error. To be precise: the fits of the free energy at high T and ρ have a deviation that is slightly larger than the statistical error. We did not try to improve this, as it would make the fit functions more complicated.
Results for r c =2.0
We first discuss the equation-of-state data. For the fluid, we computed the excess energy and excess pressure, i.e. the energy and pressure minus the corresponding quantities for an ideal gas at the same temperature and density.
For the solid (we considered face-centered cubic and hexagonal close packed) we also computed the excess energy and pressure, and the excess Helmholtz free energy.
We performed simulations over a grid of data points for 0 < ρ ≤ 1.14 for the liquid, and between ρ=0.88 and ρ=1.4 for the solid, both over a temperature range between 0.52 and 1.4 (in reduced units). The resolution was 0.02 in both ρ and T , although some addition low density points (ρ < 0.02) where included for the vapor phase. Moreover, we left out a small number of densities and temperatures from the grid. As all fits turned out to be very smooth, we decided not to fill in these missing points later.
All points that turned out to be located in a two-phase region (Liquid-Vapor or Solid-Liquid) where disregarded when performing a fit to the data. Hence the location of phase boundaries is only based on information about thermodynamically stable state points.
Fig. 2
Computed phase diagram of the potential given by Eqn. 3 for a cut-off distance r c =2.0 ("Lennard-Jones-like"). This phase diagram was computed for a system size of N=1000 particles. Figure 2 shows the phase diagram of the model potential given by Eqn. 3 for a cut-off distance r c =2.0, for a system size of N=1000 particles. For this system size, our estimate of the critical temperature is T c ≈ 1.04 with a critical density ρ c ≈0.32. We have not tried to refine the estimate of the critical point using finite-size scaling 23 , as this level of detail is beyond the scope of the present paper.
We estimate the triple point to be located T tr ≈ 0.505, where the density of the solid is ρ S ≈0.883 and that of the coexisting liquid ρ L ≈0.817. We note that the ratio of the critical temperature to that of the triple-point temperature is approximately 2.06, which is higher than the corresponding ratio for argon but lower than that for methane. Figure 3 shows the temperature dependence of the Liquid-Vapor surface tension between T =0.9T c and the triple-point temperature. The simulation data agree well with the assumption that the surface tension approaches the value zero at the critical point (T c ≈ 1.04) with a power law with the 3D Ising critical exponent. Earlier simulations also found there to be no significant deviations from this scaling form, all the way down to the triple-point temperature. We note that the numerical value of the surface tension is comparable to the values found for various Lennard-Jones variants at the same reduced temperature T /T c .
Note that the slope of the solid-liquid coexistence curves is lower than for the LJ 12-6 system. This is because the repulsive potential in the current model is less steep than in the LJ case (r −6 rather than r −12 ). If necessary, the slope could be increased by changing m in the model from m=1 to m ≥2.
At the triple point, the density of the vapor is extremely low (but can be computed from the knowledge of the chemical potential, which can be computed from the multivariate fit using Eqn. 12).
For this Lennard-Jones-like model, we expect that the stable solid phase is either face-centered cubic (fcc) or hexagonal closepacked (hcp). In fact, we find both phases. For the r c = 2.0 model, the hcp phase appears (very slightly) more stable than f cc, except for a small pocket at high densities and low temperatures. The numerical values of the free energy as a function of density and temperature are given in the SI. We have computed the transport properties and phase boundaries for the f cc crystal phase. Our free-energy calculations showed that, in fact, the hcp phase is slightly more stable for most densities. However, the observable properties of the two phases are so similar that we did not recompute them for the hcp solid.
Results for r c =1.2
For r c =1.2, the phase diagram shown in Fig. 4 does not include a liquid-vapor transition in the stable region. Such behavior is typical for colloidal systems with a relatively short-ranged attractive interaction 24 . For the r c = 1.2 model, the f cc crystal phase is more stable than hcp, for all densities studied. Figure 4 shows the phase diagram of the model potential given by Eqn. 3 for a cut-off distance r c =1.2, for a system size of N=1000 particles. This model corresponds to a typical "colloidal" system, which has no liquid-vapor phase transition in the thermodynamically stable region.
Simulation details
All simulations were carried out using LAMMPS 25 , with a Hamiltonian thermostat, except in the computation of the thermal conductivity, where we used the Nosé-Hoover thermostat, and compared the results with constant NV E and with the results for a Hamiltonian thermostat: to within the statistical error, we found no difference between the results obtained using these three methods. The free-energy calculations for the crystalline solids were carried out in a system of 768 particles, with a periodic box shape that was compatible with both fcc and hcp packing: 12 close-packed planes and 8× 8 primitive cells in the close-packed planes (L x : L y : L z =1 : 3/4 : 3/2).
For the direct liquid-vapor coexistence calculations, we simulated a system consisting of N=1000 particles in an elongated box with dimensions L x : L y : L z =1:1:4. For the thermal conductivity (only for the fcc solid), we used a box 10×10×9 primitive cells (900 particles). All other simulations were carried out for cubic boxes containing 1000 particles. In all cases, periodic boundary conditions were employed. All pressures reported were computed using the virial expression for the stress.
Transport properties
We used Green-Kubo expressions to compute the diffusivity, viscosity and thermal conductivity. We did not attempt to correct for finite-size effects in the transport properties, even though these may be significant 26 . The most important finite-size effect is presumably in the diffusion constant. Dünweg and Kremer 27 and Yeh and Hummer 28 , have proposed an expression to correct for this finite size effect for the computation of the diffusivity (at least for a periodically repeated cubic box,as used in this work):
where D ∞ is the diffusion constant in an infinite (non-periodic) medium and D observed is the diffusion coefficient observed in a periodic system with box diameter L=(N/ρ) 1/3 . ξ is a numerical constant withe the value ξ ≈2.837297, and η denotes the shear viscosity of the fluid. The finite-size correction described by Eqn. 6 is valid if the fluid behaves as a hydrodynamic continuum on length scales comparable to the system size. However, for highly viscous fluids, reaching this hydrodynamic regime may require very large system sizes. To our knowledge, there is no numerical evidence for a systematic system-size dependence of the shear viscosity η 28 . In contrast, finite-size corrections to the thermal conductivity κ may be large, in particular for solids (see Chantenne and Barrat who studied finite-size effects in nonequilibrium MD simulations 29 ). However, there is little information about finite-size effects in the thermal conductivity obtained from Green-Kubo integrals, nor is there much information about such finite-size effect in liquids.
Free-energy calculations
For the free-energy calculations, we used the Einstein-crystal method 30 . The maximum spring constant in the Einstein crystal integration was chosen such that the mean-squared amplitude of the displacement of particles from their lattice sites was the same for the Einstein crystal as for the original crystal. To avoid possible problems with the diverging integrand of the thermodynamic integration in the Einstein limit (see e.g. 31 ), we did not start the thermodynamic integration at the Einstein limit, but at a point nearby where the integrand is well behaved. To be precise, writing the potential-energy function that interpolates between Einstein crystal and real crystal as
we separated the calculation of the free energy difference into two parts:
For the system size used in the free-energy calculation, we used λ min =0.0001. That value could have been further optimised, but optimisation had no noticeable effect on the value or accuracy of the result. The integration in Eqn. 8 was carried out using a 10-point Gauss-Legendre quadrature.
Multi-variate polynomial fits
All numerical data, can be found in the SI. Here we just present the results of the multi-variate polynomial fits to our numerical data. For convenience and ease of use, we have chosen polynomials as our basic fitting functions. We do not suggest that our choice of the fitting functions is optimal.
Thermodynamic properties
As the data for temperature, pressure and free-energy are related (see below) we used a single multi-variate fit for excess pressure and energy of the fluid, and a single fit of excess energy, pressure and Helmholtz free energy for the solid. The central quantity is the excess Helmholtz free energy A exc (N,V, T ), or more precisely β A exc /V = β ρa exc , where β ≡ 1/k B T , and a exc ≡ A exc /N. We will make use of the following thermodynamic relations:
and
To compute the phase diagram, we will also use
Finally, ignoring irrelevant constants, the following relations hold for the ideal gas: β P id = ρ and β µ id = ln ρ. Hence, if we have an expression for β ρa exc , we also have expressions for P, e and µ.
We assume that β ρa exc for phase α can be expanded in a multivariate polynomial. For the liquid we have: Table 1 Fit coefficients for the expression for excess free-energy density of the liquid phase and the vapor phase for the model with r c =2.0 (Eqn. 13). The upper part of the table gives the coefficients that correspond to a fit to the simulation data for all simulated fluid densities at temperatures above T c and, for supercritical densities below T c . The lower part of the table gives the coefficient for temperatures below T c and densities below ρ c . In the SI, we give the coefficients with full numerical accuracy.
We then have (for phase α=S or L): 
When fitting the excess pressure and excess energy-density of the fluid/liquid phase, we used n min =2 (because at low densities, the excess pressure scales as ρ 2 ), n max =8,m min =-3 and m max =2. In the case of r c =2.0, this form was used for all densities of the fluid at temperature above T c and for the liquid down to the triple point. Note that all these data points correspond to temperatures above T tr .
For the vapor phase (r c =2.0), we used a polynomial with n max =6,m min =2 and m max =2 and m min =-3.
Note that the coefficient of ρ 2 follows from the second virial coefficient, that we have computed separately. For the ease of use, it is however, more convenient to treat all fit coefficients on an equal footing (that is: the coefficient of ρ 2 was not derived from B 2 (T ), but was fitted with all the other coefficients.
Transport properties
We used multi-variate polynomial fits to approximate the diffusivity, viscosity and thermal conductivity of the fluid, and the thermal conductivity of the solid. As the diffusivity D diverges as 1/ρ at low densities, we fitted ρD. We used the following functional forms: for the diffusivity ρD = 
with n min =0,n max =3,m min =-3 and m max =0. For the viscosity:
with n min =0,n max =6,m min =0 and m max =6. For the thermal conductivity of the fluid and the solid:
with n min =0,n max =6,m min =0 and m max =6. Table 3 Fit coefficients for the expression for ρD of the liquid phase and vapor phase for the model with r c =2.0 (Eqn. 18). The upper part of the table gives the coefficients that correspond to a fit to the simulation data for all simulated fluid densities at temperatures above T c and, for supercritical densities below T c . The lower part of the table gives the coefficient for temperatures below T c and densities below ρ c . In the SI, we give the coefficients with full numerical accuracy. Table 6 Fit coefficients for the expression for κ of the fcc crystal phase for the model with r c =2.0 (Eqn. 20). In the SI, we give the coefficients with full numerical accuracy. r c =2.0. Table 2 summarizes the fit coefficients for Eqn. 14 for the crystalline fcc phase for the model with r c =2.0.
Fits for r c = 2.0 5.3.1 Thermodynamic Properties

Transport Properties
In Tables 3-5 we summarize the fitting coefficients for the diffusivity, more precisely the product ρD (Eqn. 18); the shear viscosity (Eqn. 19 ) and the thermal conductivity (Eqn. 20). All of these transport coefficients were computed for the fluid phase and we have not attempted to include the data for the low-density gas (ρ< 0.1), as in this regime, the Green-Kubo integrals are rela-tively noisy and the transport coefficients can better be calculated from the Boltzmann equation, using the approach of Chapman and Cowling 32 Table 6 summarizes the fit coefficients for Eqn. 20 for the thermal conductivity of the fcc solid phase for the model with r c =2.0.
5.4
Fits for r c =1.2 Table 9 Fit coefficients for the expression for ρD of the fluid phase for the model with r c =1.2 (Eqn. 18). In the SI, we give the coefficients with full numerical accuracy.
Thermodynamic Properties
Transport Properties
In Tables 9-11 we summarize the fitting coefficients for the diffusivity, more precisely the product ρD (Eqn. 18); the shear viscosity (Eqn. 19) and the thermal conductivity (Eqn. 20). All of these transport coefficients were computed for the fluid phase and we have not attempted to include the data for the low-density gas (ρ< 0.1), as in this regime, the Green-Kubo integrals are relatively noisy and the transport coefficients can better be calculated from the Boltzmann equation, using the approach of Chapman and Cowling 32 Table 12 summarizes the fit coefficients for Eqn. 20 for the thermal conductivity of the fcc solid phase for the model with r c =1.2.
Conclusion
In this paper we have presented a simple model pair-potential that can be used in numerical studies of systems of particles with a short-ranged attraction. The model potential that we use vanishes quadratically at a cut-off distance r c . Our main reason for proposing this simple model is that, in practice, the widely used LJ 12-6 model is implemented differently (truncated, shifted, in-terpolated etc.) by different authors. In contrast, the current model is uniquely defined once r c is specified.
We report a fairly complete set of thermodynamic and transport properties for the cases r c =2.0 ("atomic liquid") and r c =1.2 ("colloidal suspension"). The raw simulation data are available online.
We stress that the models that we present are not designed to model any specific substance. Rather, they represent generic models. However, in many cases the ubiquitous LJ 12-6 potential is used in exactly the same way.
We note that the present model can be easily be extended to describe purely repulsive interactions. However, as the Weeks-Chandler-Andersen representation of the LJ 12-6 potential is not ambiguous, there is less need for a "repulsive" version of the current potential.
Finally, we note that the present model shows LJ-like behavior for a cut-off radius r c = 2.0, which should make it cheaper than most LJ 12-6 models that tend to have larger cut-off radii and therefore have more interacting neighbors. Table 12 Fit coefficients for the expression for κ of the fcc crystal phase for the model with r c =1.2 (Eqn. 20). In the SI, we give the coefficients with full numerical accuracy.
A Minimum of generalized potential
Here we derive the expressions for the location and depth of the minimum of the generalized n, m, r c potential. Note that in the main text, we use n = 1, m=1 and r c =2.0 and 1.2.
To locate the minimum of the potential of the type given in Eqn. 2, we define an auxiliary quantity u as u ≡ σ r 2m (21) and u c ≡ σ r c 2m .
As before, we use σ as our unit of length and ε as our unit of energy. Then
The condition for the extremum (minimum) is:
which implies that at u min u min u c − 1 = − 2n u c (u min − 1) ,
and hence u min (1 + 2n) = u c + 2n (26) or u min = u c + 2n 1 + 2n .
Eqn 27 implies that r min (n, m; r c ) = 1 u min 1/2m = r c 1 + 2n 1 + 2nr 2m c 1/2m (28) and α(n, m; r c ) = 2nr 2m c 1 + 2n 2n(r 2m c − 1) 2n+1 (29) 
